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INTRODUCTION

THOUGH Colnlsh (1940) discussed the method of analysis of covari-
ance in quasifactorial designs, it appears that for the general incomplete
block designs, no simplified method of analysis of covariance is available
“in literature. A general method of analysis of covariance of non- -
orthogonal data was given by the author (Das, 1953) but this method
is_ not based on, nor does it utilise the results of analysis of variance of
cach of the variates, as is done in the case of orthogonal data.” As such
it is not suitable for the analysis of data from the various incomplete
block designs involving two-way classification, where the results of
analysis of variance are readily available, though its utility is great
for the analysis of general non-orthogonal data where the results of
‘analysis of variance is not readily available. An attempt has thus been
made in this paper to give a simplified method based on the results
obtained from the analysis of variance of each of the variates, suitable
for the different incomplete block designs both with or without missing
plots including randomised block designs with missing plots.

METHOD

Taking the model y; =p + & + b+ axy + &; W where p is
a constant, #;, the effect of the ith treatment, b;, that of the jth block,
a, some constant depending on the linear relation of y with x and e,
a random variable with zero mean and a constant variance, ¢ it has
been shown by the author (Das, 1953) that the best estimates of #s
and ‘ ¢’ after eliminating the eﬁ‘ects of the blocks, are obtainable from

Q= — )t — il )‘lmtm + aQu 4y
~ and

,a=d_§.ti_an<_ﬂl, )

where A, s are constants depending on the parameters of the design,
d = Bla, B being the ¢ within block sum of products’ and «, the ‘within
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block S.S. for x°, Q; is the total for the y variate of the ith treatment
less the sum of averages of those blocks in which the ith treatment
occurs, O, denotes similar total for the x-variate and r; is the replica-
tion of the ith treatment.

From (1)
(r'i — Aii) t’i’ - }:Il.)‘lmtm’ = Pi . (3)
where
Pi = Qi - aQ_i(aJ)'

The solution of these equations can be obtained by replacing Q,’s in
the solution of ¢, i.e., for the y-variate alone, by the P;’s.

Thus if the solution for #; taking the y-variate only be
f =2 Cy0; '
then the solution of (3) is given by
) =2CuP; = t; — alyy

where #; and #,,) are respectively the estimates of the ith treatment from
the y- and x-variates. But unless an estimate of ‘@’ is available #;’
cannot be obtained.

From (2) we get after substituting for the value of ¢,

d — Z Qi(w) {ti - ati(w)}

a =
a
whence
a= ﬁ — 2 tiQi(z)
a — 2ty Qitn

[ b

a’ is thus estimated by the regression coefficient obtained from: the
error line in the analysis of variance-covariance table of the design
concerned. Evidently the sum of products in this line is obtained from
{B — 2t,Qy»} which is also equal to {f — 2,0}

The error sum of squares adjusted for the x-variate is obtained
from

2y —p—t — b — axy),

Eliminating 5;’s with the help of the normal equations this becomes

2y —2t/Qi — 2 B2lk; — aB, where k; is the size of the
jth block. '
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Substituting for ¢, it can be shown easily that-

' — 5 1.0;0)2
Adjusted Error S.S. = Error S.S. for y — %f_%ﬂ’i}
- ilz) il

Thus the adjusted error sum of squares can be obtained from the error

line of th analysis of variance-covariance table of any design exactly
in the same manner as in orthogonal designs.

The adjusted treatment S.S. can now be obtained from:

Adjusted Treatment S.S. = Within block S.S. for y — df
— Adjusted error S.8.

As (within block S.S. for y — dp) is the adjusted within block S.S.,
and the total of sum of squares or products due to treatments and error
is equal to within block sum of squares or products, it is clear from
above that the adjusted treatment sum of squares also can be obtained
in the same manner as in orthogonal designs. The sum of products
in the treatment line is evidently given by X Q) of & t;0.

The variance of the difference between any two treatments (¢'; — ¢,,)
say can be obtained, as usual, by collecting the coefficients of Q; and
0, in (¢/ —t,) and subtracting them. Thus taking ¥ to stand for
the variance of (f; — t,,), we get

{ti-'z) — tm(a:l}2 P
a—2 OQitntit

where o2 (which is also contained in ¥) is the adjusted error mean square.

Var (ttl - tm,) =V+

Though these results have been obtained without reference to any
particular design, it is evident that the results of analysis of covariance
of any design with two-way classification can be obtained from them
once the solutions of the normal equations are available for each
of the variates.

In cases of missing plots the method of analysis is valid when
both x and y values from one or more plots are missing. Also in such
cases, this method can be applied only if the solutions of #; are available.
Expressions giving such solution have been given by the author (Das,
1954) for randomised block designs with balanced incompleteness.
In cases of missing plots in partially balanced and other incomplete
block designs expressions for #,’s have been given by ‘the author (Das,
1955) when ‘there are one or two missing plots as also when a block is

partly missing.
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Though the method has been obtained. for designs with two-way
classification, results for Youden Square when there is no missing value
can easily be obtained as the rows are orthogonol to blocks and treat-
ments. The different results can be obtained by replacing B by
B-Row.S.P., a by (a-Row.S.S.) etc., for x and within block S.S. for y
by within block S.S. for y-Row sum of squares for y.

AN EXAMPLE

The method has been illustrated by analysing a partially balanced
incomplete block design with two associate classes having two missing -
values.

The y-variate Vélues are the same as utilised by the author (Das,
1955) and were obtained in the following manner:

Eight numbers, viz.; 4, 5, 7,9, 10, 12, 13 and 15 were taken to repre-
sent the effects of eight treatments ¥, ¥,, Vas Vi <+, Vs in order.
Each of the numbers was repeated 5 times to give in all 40 numbers.
These 40 numbers were then made into 8 groups of 5 each so as to give
the contents of the 8.blocks of the partially balanced incomplete block
design with b=v =8, r =k = 5, =4, N=2,n =3, ny, =4
and p’y; = 2. Next another set of eight numbers, viz., 5, 2,338,171,
5 and 4 were taken to represent the block effects and the first of these -
numbers was added to each of the five numbers in the first group forming
the first block; the second number was similarly added to each of the
numbers of the second block and so on for other blocks so that the
40 totals thus obtained represented the sum total of treatment and
block effects. Afterwards 40 numbers lying between 3 and — 4 were
- chosen at random and added one to each of the 40 totals previously
obtained. The numbers thus obtained formed the data and are shown
below together with the values of the x-variate which have been
obtained from the above simply by subtracting from each of the
numbers, its treatment effect and then adding one to each of the 40
remainders to avoid negative sign. o T

The treata.at number has been given in bracket beside the data;

BLocks _ _
Wxe M 6@ 96 5@ 5 ¢
y7m 10 15 _ 13 14
@D x4 Q4@ 206 1@ 38 (@
y 1 8 8- 9 14 n

GAx7 W1 @ 63 4@ 5 ™ -
y 10 5 12 2 17



80 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

. BLOCKS . - . . .
4 x 8 H 5 2 1 3@ 124 8 (8
yu - .9 1 20 22
Gy x6 (1) 4 596 8 D 1T ®
y 9 . 13 20 20 21
6 x5 2 0 (6 36 3 M 3 @
Ty 9 9 14 15 17
M x8 B3 3 G 176 6 O 1 6
y 14 12 18 18 21
@ x4 @ 5 G 506 5 O7 ®)
y 12 14 16 17 21 -

The first plot in the first block and the last plot in the second block
which are marked by m and n respectively, have been taken to be missing,
The expected values in these plots are m, = 6, n, =3, m, =9 and
n, = 14.

For the analysis it is first necessary to get estimates of # and #x-
A brief account of the method of estimating #; or Zy, obtained by the
author (Das) is given below. .

If we define a variate m, (Which may be called treatment adjust-
ment for the missing plot of m) such that it takes the value 1 — 1/k
for the treatment in the plot of m, — 1/k for each of the other treat-
ments in the block of m and zero for all other treatments and a similar
variate, n; for the missing plot of #, then taking m and »n as the sub-
stitutes of the missing values to be estimated by minimising the error
variance, it has been shown that

t, =" + mM; + nN;
where '
t/ =00/ + 20
i.e., the solution of #; from the normal equations formed by taking zero

for the missing values which again implies that Q' is the adjusted total
for the ith treatment obtained by taking zero for the missing values;

Z(Q',, is the summation over those 0;”s which are the first associates of

the ith treatment;

M; = eym; + cZmg
and
N, =¢an; + CoZMiys
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Zmy;, and Zn,, having similar meaning as XQ,,’ and the estimates of
m and n can be obtained from

() (3 i) + (G 5wn) (13w

1 T 5 T
(- mat,) (52 - ) ~ (3 + =M.

and

(i) (s vl ) (5 + 2w

k—1

n
k—1 3 2
T - an'iM'i) (T —_— ZniNt) - (TC —}" ZMin,-)

where B,, is the total of thq block with the plot of m taking the missing
values as zero, B, is the similar total of the block containing » and
8 =1 or 0 according as both the missing plots are in the same block
or not.

As ¢; and ¢, are the coefficients of Q; and % Q,;, respectively-in-the
solution of ¢ in P.B.LB. design, their values have been obtained first
from the parameters of the design following Bose and Nair (1939).
These have been obtained for the design as ¢, = 45/192-and ¢, = 5/192.

The other expressions required for the analysis can be obtained

from the. following table:—

Ez . = n| n N % i? ~§ g 5
1 |-28.4 -2 | 8|2 |6 |26 |- 3.8 |4+7.0 |—to72 |-73 | 33 |-12
2 |-166 |24 -2 -2 | .4|-6|-11.6| 7.0 |- 760 |73 | 7 |-12
3 | 56| 92|—2|--2| 4|-6|-32.8|-4.6] 88]391|-7]|-I2
4 2] 02|-2 2| 4|-w6]-33a| 4| 12|731| -7 |12
5 |-10-4 [-9:0|--2| o] 0| 8| 37.6| 4.4 |- 280 |-283 —90| 4
6 |- 04| 0:8) of -8l-e2a| ol 27.6|-54] 120| 9| -1 36
7 138 1af o| o0f-2| 8| 13.4] 60| ess| s3|-1]| 4
s | 2a2) 22| 0 0l--2| 8| s0|-6.8| 1e4| 5| -1 4

: i
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As checks the total of each. column should be zero. From this' table’

IMQ, =Zmt = — 689-6/192
ZNQS o =Zny = 422-4/192 _
EMQua’ = Zmity” = — 51-6/192
E N Qe = ity = — 48-0/192
ZnM, =XmN;=—3-2/192

2 mM, =32-4/192 and X nN; = 38-4/192.
Substituting these values in the expressious for m and n,
m, =741, .m, = 10-41
n, = 3:04, n, =14:04

The values of #; and #;,) have now been obtained as shown below:

Treatments ;X192 L X192 0/ Oitn”
1 — 896-95 135:16  —14:6 2-05
2 100135 —161-57 —19-8  — 420
3- — 15335 302:57 14 740
4 — 12035  — 5743 2:0  — 160
5 — 317-53  —437:56 —13:.0  —10-25
6 61503 111417 60 3-00
7 73375 3176 138 140
8 114975 6976  24-2 220

The last two columns give the adjusted treatment totals for
each- of the two variates obtained from the incomplete data takmg the
missing values as missing and not’ zero as in Q) or Qun'

" 'The adjusted treatment S.S. and S.P. have then been obtained "as
Adjusted treatment S.S. for y =20, = 407-38
Adjusted treatmient S.8. for x = I £,0Qitsy” = 43-29°
Adjusted treatn;ent SP ) =X t,0:)" =3 tin @ = 52-59.
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The *within block S.S. and S.P.’ obtained from the incomplete
data together with the adjusted treatment and error S.S. and S.P. are
shown below :— . L

Zy? Zxy ZxE - Adj. S,S. (y)

Within block .. .. 480-80 126-00 116-70

(From incomplete data)

Treatment (Adjusted) .. 407-38 52-59 43-29 344-75
Error (By subtraction) .. 73-42 73-41 73-41 01

As it should be, the adjusted error S.S. has come out to -be zero and
the value of ‘g’ unity.

The variance of the difference between any two treatments can now
be obtained easily with the help of #,,’s and V, the variance of the
difference -in analysis of varidnce. Expressions for ¥ have been glven
by the author (Das,%) for the various cases.

. SUMMARY

A general method of intra-block analysis of covariance based on
the results of analysis of variance and suitable for all incomplete block
designs with' two-way classification, has been given. The results cover
the cases of incompleteness due to mlssmg values in any design includ-
ing randomised block. An expression for finding the standard error
of the difference between any two adjusted tréatment effects has been
deduced for the general case. The method of analysis has been illustrated
by analysing a partially balanced incomplete block design with two
missing values. : ,
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